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Abstract
We discuss the Hopf-Wess-Zumino term in the effective action of the 6d (2, 0) theory
of the type AN−1 in a generic Coulomb branch. For such terms, the supergravity
calculation could be trusted. We calculate the WZ term on supergravity side and show
that it could compensate the anomaly deficit, as is required by the anomaly matching
condition. In contrast with the SYM theory, in which each WZ term involves one root
ei − ej , here, the typical WZ term involves two roots ei − ej and ek − ej . Such kind
of triple interaction may come from the integrating out of the massive states carrying
three indices. A natural candidate is the recently proposed 1/4 BPS objects in the
Coulomb phase of the 6d (2, 0) theories. The WZ term could be derived from the field
theory by the integration out of massive degrees of freedom. Without the 6d (2, 0)
theory at hand, we take the supersymmetric equations for the 3-algebra valued (2, 0)
tensor multiplet as the prototype to see how far we can go. The H3 ∧ A3 part of the
WZ term is obtained, while the A3 ∧ F4 part, which is the term accounting for the
anomaly matching, cannot be produced by the standard fermion loop integration.
Keywords: M-Theory, Brane Dynamics in Gauge Theories, Anomalies in Field and String
Theories, Gauge-gravity correspondence
1 Introduction
Low energy effective action of the field theory in the Coulomb branch may contain the Wess-
Zumino term arising from the integration out of massive fermions getting masses via the
Yukawa coupling with the vacuum expectation value of the scalar fields [1, 2]. The existence
of the Wess-Zumino term is also required by the anomaly matching condition [3]. At a generic
point of the moduli space, the gauge symmetry is broken, and then, the ’t Hooft anomaly
produced by massless degrees of freedom is different from the anomaly at the origin. On
the other hand, the anomaly matching condition states that the ’t Hooft anomaly should be
the same everywhere on the moduli space of vacua. As a result, away from the origin, the
integrating out of the massive degrees of freedom should generate the Wess-Zumino term in
the low energy effective action compensating the deficit so that the total anomaly remains
the same [3, 4].
The WZ term is a topological term that does not depend on the metric nor the coupling,
so it is protected without the need of invoking any supersymmetric non-renormalization
theorems. For such terms, we may expect that the 1-loop calculation in field theory and
the supergravity calculation would match. On supergravity side, the Wess-Zumino term is
associated with the magnetic-electric coupling. For Dp-branes with p ≥ 3, it is given by∫
Wp+2
F8−p(∧dA)p−3 = (−1)p
∫
Wp+1
F8−p ∧A(∧dA)p−4 [5, 6], where F8−p is the magnetic field
strength, while (∧dA)p−3 offers the electric charge. When p = 3, ∫Wp+2 F8−p(∧dA)p−3 →∫
W5
F5, because the D3-brane carries magnetic as well as the electric charge [6]. For M5
branes, the WZ term is composed by
∫
W6
db2 ∧ A3 and
∫
W7
A3 ∧ F4, which are discussed in
[7] and [4] respectively.
∫
W6
db2 ∧ A3 does not contribute to the anomaly. It is
∫
W7
A3 ∧ F4
that accounts for the anomaly deficit. [4] considered the situation when the gauge symmetry
is broken from SU(N + 1) to SU(N) × U(1) by the vacuum expectation value φa. The
corresponding WZ term takes the form of
∫
W7
σ3(φˆ) ∧ dσ3(φˆ), where dσ3(φˆ) is the pullback
of the 4-form field strength generated by a single M5 brane while σ3(φˆ) is the corresponding
3-form potential. φˆ = φ/|φ|. It was shown that with the coefficient given by N(N+1)/2, the
WZ term could reproduce the anomaly deficit between SU(N + 1) and SU(N) × U(1). In
this note, we will extend the discussion to the generic Coulomb branch (φa1, · · · , φaN). We will
show that the supergravity calculation could give the right coefficient, while the WZ term,
although takes the form of
∫
W7
σ3(φˆij)∧dσ3(φˆkj) with φˆij = (φi−φj)/|φi−φj |, could produce
the same amount of anomaly as that of
∫
W7
σ3(φˆ) ∧ dσ3(φˆ). So the WZ term obtained from
the supergravity calculation indeed compensates the anomaly deficit thus should appear in
the low energy effective action, as is required by the anomaly matching condition.
In the generic Coulomb branch, the WZ term in SYM theory is (−1)p ∫Wp+1 F8−p(φˆij) ∧
Aij [∧dAij ]p−4,1 which is the typical pair-wise interaction arising from the the integration
out of massive fermions carrying index (i, j), or open strings connecting the ith and the jth
D-brane [5, 6]. The term
∫
W7
σ3(φˆij) ∧ dσ3(φˆkj) for M5 branes seems indicate some kind of
1Aij = Ai −Aj . It is the relative flux that makes sense.
1
triple interaction: three M5 branes could interact simultaneously. One may naturally expect
that such term comes from the integration out of massive fermions with (i, j, k) index, or
open M2 branes connecting the ith, the jth, and the kth M5 branes. In [8] and more recently,
[9], the 1/4 BPS objects in the Coulomb phase of the ADE-type 6d (2, 0) superconformal
theories are considered. They are made of waves on selfdual strings and junctions of selfdual
strings. In [9], it was shown that the number of 1/4 BPS objects matches exactly one third
of the anomaly constant cG = dGhG for all ADE types, indicating that the anomaly may
be produced by these 1/4 BPS objects. Moreover, the tension of the string junctions is
characterized by (|φi − φj|, |φj − φk|, |φk − φi|), which is just what is needed to produce the
WZ term, since the selfdual string with tension |φi − φj| is not enough to give the coupling
like σ3(φˆij) ∧ dσ3(φˆkj).
For SYM theories, the WZ term could be derived by a 1-loop calculation [5, 6, 10]. It
is expected that the WZ term for 6d (2, 0) theories could also be obtained via a proper
integration. The 6d (2, 0) theory is not constructed yet. Nevertheless, the form of the WZ
term may offer some hint on the possible structure the underlying theory. Of course, it is
possible that to construct the 6d SCFT, some new ingredient must be added making the
theory different from the QFT in normal sense, and so the way to calculate the WZ term is
also beyond the present knowledge. On the other hand, if the 6d (2, 0) theory could be built
as an ordinary quantum field theory just as that for M2 branes, we will be able to calculate
the WZ term with the standard field theory methods. In [11], the supersymmetric equations
of motion for the 3-algebra valued (2, 0) tensor multiplet were found, which may shed light
on our understanding of the mysterious 6d SCFT. We will calculate the WZ term for the
3-algebra valued (2, 0) tensor multiplet to see how far we can go. The H3 ∧ A3 part of the
WZ term is obtained. Especially, without the constraint equations in [11], H3 ∧ A3 cannot
be derived. However, the A3∧F4 part cannot be obtained by the 1-loop fermion integration,
so either a refined calculation method or a refined theory is needed.
This paper is organized as follows: In section 2, we get the WZ term for 6d AN−1
(2, 0) theory in a generic Coulomb branch from the supergravity calculation. Part of the
details is given in appendix A. In section 3, we show that the WZ terms obtained from the
supergravity calculation could indeed compensate the anomaly deficit thus guarantee the
anomaly matching condition. In section 4, we discuss the possible degrees of freedom in M5
branes producing the WZ term. In section 5, we caculate the WZ term for the 3-algebra
valued (2, 0) tensor multiplet. The conclusion is in section 6.
2 The Hopf-Wess-Zumino term from the supergravity
calculation
Consider the 6d (2, 0) field theory describing N M5 branes. On a generic Coulomb branch
(φa1, · · · , φaN) with a = 1 · · ·5 and φi 6= φj, for i 6= j, the gauge symmetry is broken to U(1)N .
On supergravity side, we have N M5 branes locating at (φ1, · · · , φN). On field theory side, N
2
copies of (2, 0) tensor multiplets remain massless, while the rest fields get masses. Integrating
out these massive degrees of freedom, one may obtain the effective action of the 6d, (2, 0)
field theory on Coulomb branch. At least for WZ terms, the calculation on both sides should
coincide. 6d (2, 0) field theory is still mysterious to us, while the multi-centered supergravity
solution of M5 branes is more tractable, so we will try to get the WZ term in the effective
action through the supergravity calculation.
The action for the coupling of M5 branes with the 11d supergravity could be written as2
[12, 13, 14]
S = Sg + SM5
=
1
2κ2
∫
M11
∗R− 1
2
∗ Fˆ4 ∧ Fˆ4 − 1
6
F4 ∧ F4 ∧ A3
− T5
∫
W6
d6ξ
√
− det(gµν + (iv1 ∗˜h3)µν) +
1
2
v1 ∧ h3 ∧ ∗˜(v1 ∧ ∗˜h3)
+
T5
2
∫
W6
db2 ∧A3 + T5
2
∫
W7
A3 ∧ F4 (1)
where F4 = dA3, W6 = ∂W7,
Fˆ4 = F4 + 2κ
2T5 ∗G7, (2)
h3 = db2 −A3. (3)
d ∗ G7 = ∗J6. ∗J6 is the the M5-brane current. The last term in (1) is just the Hopf-Wess-
Zumino term proposed in [4]. The field equations for Fˆ4 are
dFˆ4 = 2κ
2T5 ∗ J6, (4)
d ∗ Fˆ4 + 1
2
Fˆ4 ∧ Fˆ4 = −2κ2T5 h3 ∧ ∗J6. (5)
∗G7, A3, and F4 have the dependence on gauge, while ∗J6, h3, and Fˆ4 are gauge independent.
(4) and (5) only contain gauge invariant quantities.
Suppose the vacuum expectation values of b2 are equal to zero, consider N M5 branes
locating at (φ1, · · · , φN). The WZ term is related with the electric-magnetic coupling, so we
only need to calculate the magnetic field generated by M5 branes in the given configuration,
which, in present case, is
Fˆ4 =
N∑
i=1
Fˆ4i = Q1
N∑
i=1
ω4i, (6)
where ω4i is the unite volume form of S
4 surrounding the ith brane. The corresponding
3-form field is
A3 =
N∑
i=1
A3i = Q1
N∑
i=1
σ3i. (7)
2Just as the (6.15) in [14], ∗F4 could be added into the worldvolume of the M5 brane, but then an equal
term will appear in the bulk.
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dσ3i = ω4i. To calculate the WZ term on the jth M5 brane, we need the pullback of A3 and
F4 on the corresponding W7. The pullback of ∗G7 on W7 vanishes, so we simply have
∫
W7j
A3 ∧ F4 =
∫
W7j
A3 ∧ Fˆ4 = Q21
∫
W7j
N∑
i=1
σ3ij ∧
N∑
k=1
ω4kj, (8)
where dσ3ij = ω4ij . ω4ij is the pullback of ω4i on W7j . Altogether,
T5
2
N∑
j=1
∫
W7j
A3 ∧ F4 = Q
2
1T5
2
N∑
i=1
N∑
j=1
N∑
k=1
∫
W7j
σ3ij ∧ ω4kj (9)
Aside from the F4 ∧ F4 ∧A3 term in supergravity,
∫
A3 ∧ F4 is the other term which has the
N3 scaling.
However, (9) is still not exactly the WZ term in the effective action. First, when i = j = k,
we get a self-interaction term. There are totally N such terms. These self-interaction terms
will be produced only after the N massless tensor multiplets are also integrated out. Since we
only integrate massive degrees of freedom, these terms will not appear in the effective action.
Second, as is shown in the Matrix theory calculation [15], for the given brane configuration,
or equivalently, the Coulomb branch, the more accurate expression for the effective action
on supergravity side should be
Seff = Sg + SM5, (10)
where Sg is the action of the supergravity fields generated by M5 branes, while SM5 is the
action of M5 branes on the background generated by themselves. Seff is on-shell with respect
to supergravity as it should be. (9) comes from SM5. In appendix A, we will show that Sg
contains a term which is −2/3 of (9), so altogether, we have
ΓWZ =
Q21T5
6
(
N∑
i=1
N∑
j=1
N∑
k=1
∫
W7j
σ3ij ∧ ω4kj −
N∑
i=1
∫
W7i
σ3ii ∧ ω4ii) (11)
or
2κ2ΓWZ =
Q31
6
(
N∑
i=1
N∑
j=1
N∑
k=1
∫
W7j
σ3ij ∧ ω4kj −
N∑
i=1
∫
W7i
σ3ii ∧ ω4ii), (12)
where Q1 = 2κ
2T5.
3 The anomaly matching
At the origin of the moduli space, 6d, AN−1 (2, 0) field theory has the following form of
anomaly when coupled to a background SO(5)R gauge field 1-form A, and in a general
gravitational background [16, 17].
I8(N) = (N − 1)I8(1) + 1
24
(N3 −N)p2(F ). (13)
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I8(1) is the anomaly polynomial for a single, free, (2, 0) tensor multiplet [18, 19]:
I8(1) =
1
48
[
p2(F )− p2(R) + 1
4
(p1(F )− p1(R))2
]
. (14)
p2(F ) is the second Pontryagin class for the background SO(5)R field strength F :
p2(F ) =
1
8
(
i
2π
)4
[
(trF 2) ∧ (trF 2)− 2trF 4
]
. (15)
At a generic point of the moduli space, the only massless degrees of freedom are N − 1
copies of tensor multiplets giving rise to the anomaly of (N − 1)I8(1). However, based on ’t
Hooft anomaly matching condition, the integration out of the massive degrees of freedom will
produce the WZ term in the effective action, which will offer the missing (N3−N)p2(F )/24
part so that the total anomaly is still the same as before [4]. In the following, we will show
that the WZ term in (12) could indeed give the (N3−N)p2(F )/24 part of the normal bundle
anomaly.
Turn on the background SO(5)R gauge field A onW6. ∂W7 =W6, so A could be smoothly
extended to W7. On W7, we have gauge field A
ab
i = −Abai , with a, b = 1 · · · 5, i = 1 · · ·7. In
presence of the background field A, the pullback of the S4 unite volume form onW7 becomes
ω4(φˆ, A) =
1
2
e4(φˆ, A) =
1
64π2
ǫa1···a5 [(Di1φˆ)
a1(Di2φˆ)
a2(Di3φˆ)
a3(Di4φˆ)
a4
−2F a1a2i1i2 (Di3φˆ)a3(Di4φˆ)a4 + F a1a2i1i2 F a3a4i3i4 ]φˆa5dxi1 ∧ · · · ∧ dxi4 , (16)
(Diφˆ)
a = ∂iφˆ
a − Aabi φˆb, F abij is the field strength. φˆ is a unite vector in the transverse space
R5. If ω4(φˆ, A) represents the pullback of the 4-form field strength generated by the ith M5
brane on W7j , φˆ is determined by the relative position of W6i and W7j . Especially, at the
boundary of W7j , φˆ is simply determined by the relative position of W6i and W6j in the
transverse space, i.e.
φˆa =
φai − φaj
|φi − φj | , (17)
where φai is the vacuum expectation value of scalar field for the ith M5 brane.
e4(φˆ, A) is the global angular form defined over the sphere bundle with fiber S
4 and base
space W7.
de4 = 0. (18)
Under the SO(5) transformation,
φˆa → φˆa + Λabφˆb
Aab → Aab + dΛab + [Λ, A]ab. (19)
Dφˆa and F ab transform covariantly under (19), while e4(φˆ, A) is SO(5) invariant. For the
present problem, we have N2 − N global angular forms e4(φˆ, A) with different φˆ but the
same A. Since e4 is SO(5) invariant, they can also be equivalently represented by e4(φˆ, A)
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with the same φˆ but different A. p2(F ) is the second Pontryagin class of a rank 5 real vector
bundle, nevertheless, we still have
p2(F ) = χ(F )
2, (20)
where χ(F ) is the Euler class of a rank 4 subbundle with the orthogonal line bundle trivial.
One can always choose particular φˆ0 so that
e4(φˆ0, A) = χ(F ) (21)
Actually, for such φˆ0, Dφˆ0 = 0, so e4(φˆ0, A) reduces to the Euler class. We take this φˆ0 as
the standard and transform all of the angular forms into the form of e4(φˆ0, A˜), where A˜ are
different connections defined on the same normal bundle. Just as the invariant polynomials,
if A˜ and A˜′ are two different connections,
e4(φˆ0, A˜)− e4(φˆ0, A˜′) = de3(φˆ0, A˜)− de3(φˆ0, A˜′) = dR(φˆ0, A˜, A˜′), (22)
with e3 the corresponding Chern-Simons forms [16].
R(φˆ0, A˜, A˜
′) = − 1
32π2
∫ 1
0
dt ǫa1···a5 [(Dtφˆ0)
a1(Dtφˆ0)
a2 − F a1a2t ]ηa3a4φˆa50 , (23)
where
η = A˜− A˜′, At = A˜′ + tη, Ft = dAt − A2t , Dt = (d− At). (24)
R(φˆ0, A˜, A˜
′) is SO(5) invariant.
e3(φˆ0, A˜)− e3(φˆ0, A˜′) = R(φˆ0, A˜, A˜′). (25)
For different connections, e3 only differ by a SO(5) invariant term.
Return to the original global angular form e4(φˆ, A), we will have
e4(φˆ, A) = χ(F ) + dα(φˆ, A), (26)
e4(φˆ, A) ∧ e4(φˆ′, A) = p2(F ) + dβ(φˆ, φˆ′, A), (27)
where both α and β are SO(5) invariant.
p2(F ) = d[e3(φˆ, A) ∧ e4(φˆ′, A)− β(φˆ, φˆ′, A)]. (28)
By descent equations,
δ[e3(φˆ, A) ∧ e4(φˆ′, A)] = δp02(A) = dp12(A). (29)
Now, consider the SO(5) gauge transformation of (12). For each term,
δ[
1
6
∫
W7
σ3(φˆ, A) ∧ ω4(φˆ′, A)] = δ[ 1
24
∫
W7
e3(φˆ, A) ∧ e4(φˆ′, A)]
=
1
24
∫
W7
dp12(A) =
1
24
∫
W6
p12(A). (30)
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There are totally N3−N such terms, so ΓWZ could indeed reproduce the (N3−N)p2(F )/24
part of the anomaly.
If the SU(N) group is broken to some subgroup like U(N1) × U(N2) × SU(N3) with
N1 +N2 +N3 = N , the deficit of the anomaly produced by massless degrees of freedoms is
(N3−N31 −N32 −N33 )p2(F )/24. Corresponding, ΓWZ will contain N3−N31 −N32 −N33 terms
exactly compensating the deficit.
4 The degrees of freedom in M5 branes producing the
WZ term
The supergravity interaction between D-branes is pairwise. This is consistent with the fact
that the WZ term for N D-branes in a generic Coulomb branch could be written as the
sum of N(N − 1)/2 terms labeled by (ij) index [5, 6]. On the other hand, the ∫ A3 ∧
F4 term in the action of M5 branes gives a triple interaction. That is, three M5 branes
could interact simultaneously. The supergravity interaction for D-branes is produced by
open strings connecting two D-branes. Similarly, one may expect that the triple interaction∫
A3 ∧ F4 could be produced by open M2 branes connecting three M5 branes.
Another example of N3 interaction is given by M theory compactified on a Calabi-Yau
threefold with M5-branes wrapping 4-cycles, giving rise to N = 1 5d supergravity along with
the chiral strings [20, 21]. In the bulk, we have Chern-Simons term C1 ∧ dC1 ∧ dC1, while
in the worldsheet of chiral strings,
∫
C1 ∧ dC1 may exist [4]. These N3 degrees of freedom in
entropy are explained as states living at the triple-intersection of M5 branes [22, 23].
In [8] and more recently, [9], the 1/4 BPS objects in the Coulomb phase of the ADE-type
6d (2, 0) superconformal theories are explored. They are made of waves on selfdual strings
and junctions of selfdual strings. Especially, in [9], it is shown that the number of 1/4 BPS
objects matches exactly one third of the anomaly constant cG = dGhG for all ADE types,
which strongly indicates that the anomaly may be produced by these 1/4 BPS objects. In
AN−1 case, there are N(N − 1)/2 1/2 BPS selfdual strings with tension Tij ∝ |φi − φj|. On
each selfdual string, there are left and right 1/4 BPS waves. Turning on these BPS waves,
we get N(N − 1) 1/4 BPS objects. For every three M5 branes ijk, 1/4 BPS junction exists.
The tension of the string junctions is characterized by (|φi − φj|, |φj − φk|, |φk − φi|). The
junction forms a dual lattice to the triangle ∆ijk, if one indentify the SO(5) in W6 with
the SO(5) in the transverse space. For such configuration, the tension of selfdual strings is
balanced and the junction is 1/4 BPS. There are totally N(N − 1)(N − 2)/3 such objects
because of the junction and anti-junction. Altogether, the 1/4 BPS objects on N M5 branes
in a generic Coulomb branch is N(N2 − 1)/3.
Let us rewrite (12) in a more symmetric way.
2κ2ΓWZ =
∑
i 6=j,j 6=k,k 6=i
Ωijk +
∑
i 6=j
Ωij , (31)
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where
Ωijk =
Q31
6
[
∫
W7i
(σ3ji∧ω4ki+σ3ki∧ω4ji)+
∫
W7j
(σ3ij∧ω4kj+σ3kj∧ω4ij)+
∫
W7k
(σ3ik∧ω4jk+σ3jk∧ω4ik)]
(32)
Ωij =
Q31
6
[
∫
W7i
(σ3ji∧ω4ii+σ3ii∧ω4ji+σ3ji∧ω4ji)+
∫
W7j
(σ3ij∧ω4jj+σ3jj∧ω4ij+σ3ij∧ω4ij)]. (33)
It seems that junction and anti-junction may produce the term Ωijk, while left and right
waves on selfdual strings could give Ωij . Recall that in D-brane case, the WZ term arising
from the integration out of massive fermions ψij is expressed in terms of the vector φi − φj
[5, 6]; here, the WZ term produced by string junctions (ijk) could be calculated from the
vectors (φi − φj, φj − φk, φk − φi). When i = k, the three string junctions degenerate to
one selfdual string with tension Tij ∝ |φi − φj| and the other tensionless selfdual string
perpendicularly ending on it. So, in some sense, selfdual string with waves is a degeneration
of the string junction. Ωij =
1
2
(Ωiji + Ωjij).
Except for
∫
W7
A3 ∧F4, M5 brane action contains another term
∫
W6
db2 ∧A3 = −
∫
W6
b2 ∧
F4 =
∫
W6
H3 ∧ A3. Now suppose the vacuum expectation value of b2 on the ith M5 brane
is b2i,
∫
W6
H3 ∧ A3 part of the WZ term should also enter into the low energy effective
action, although it does not contribute to the anomaly since dH3 = 0. In [7], based on the
supergravity calculation, it is shown that
ΓH =
∫
W6
H3 ∧A3 ∝ −
∑
i6=j
∫
W6
b2ij ∧ ω4ij =
∑
i6=j
∫
W6
H3ij ∧ σ3ij , (34)
where b2ij = b2i− b2j , H3ij = db2ij = H3i−H3j . This is the typical pairwise interaction. The
reduction of
∫
W6
H3 ∧ A3 on S1 gives
∫
W5
F2 ∧ A3, the WZ term of the 5d SYM theory. In
5d SYM theory,
∫
W5
F2 ∧A3 is generated by the integration out of massive fermions coming
from the selfdual strings wrapping S1, so it is quite possible that (34) is produced by 1/2
BPS selfdual strings.
The non-abelian part of the R-symmetry anomaly are all accounted for by 1/4 BPS
objects. R-symmetry anomaly and Weyl anomaly are related by supersymmetry. In [24],
the conformal anomaly of 6d (2, 0) SCFT of AN−1 type is calculated as
A2,0(N) = (N − 1)Atens + (N3 −N)A, (35)
where Atens is the conformal anomaly of the free (2, 0) tensor multiplet. It is expected that
the 1/4 BPS objects could produce (N3−N)A, if they could give the corresponding part in
R-symmetry anomaly. Note that N − 1 1/2 BPS massless particles and N(N − 1)(N − 2)/3
junctions of selfdual strings always contribute to the anomaly and entropy. However, the
N(N−1)/2 selfdual strings have no contribution to the anomaly nor entropy unless the BPS
waves are turned on thus the supersymmetry is reduced to 1/4. Once the selfdual strings
become 1/4 BPS, the anomaly polynomial of them is the same as that of the string junctions,
since the 1/4 BPS selfdual strings could be taken as the degeneration of the string junctions.
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Then the question is why the 1/2 BPS selfdual strings have no contribution to the anomaly
nor the entropy. In N = 4 SYM theory, 1/4 BPS states arising from string junctions ending
on three D3 branes also exist [25], however, the anomaly and entropy are both give by 1/2
BPS particles. In some sense, the 1/4 BPS states could be taken as the bound states of the
1/2 BPS states, so it is likely that for N = 4 SYM theory, 1/2 BPS states are fundamental,
while for 6d (2, 0) theory, it is the bound states which are dominating.
The general form of the anomaly for a 6d (2, 0) SCFT of the ADE type G is
A2,0 = rGAtens + cGAX , (36)
where cG = dGhG = rGhG(hG + 1). rG, dG and hG are the rank, the dimension, and the
Coxeter number of the Lie algebra of type G. The theory contains rG 1/2 BPS massless
particles, rGhG 1/2 BPS selfdual strings, and cG/3 1/4 BPS objects. The anomaly of the
single M5 brane does not have the AX part, so rG 1/2 BPS massless particles only contribute
to Atens. Then AX should be generated by 1/2 BPS selfdual strings or 1/4 BPS objects.
If one wants to interpret it in terms of selfdual strings, each selfdual string should give the
anomaly of (hG + 1)AX , which in SU(N) case, is (N + 1)AX . It is difficult to explain this
hG + 1 factor. Otherwise, since the total number of the 1/2 BPS states is dG, they can
account for the AX part if each one contributes hGAX . This looks more reasonable, but the
problem is that the rG 1/2 BPS massless particles will contribute to Atens as well as AX . The
most natural possibility is that AX is produced by 1/4 BPS objects, which are intrinsically
three selfdual string junctions.
Finally, notice that forN = 4 SYM theory, the anomaly takes the form A4 = (N
2−1)Avec,
where Avec is the anomaly of a free vector multiplet. The anomaly is not renormalized from
weak to strong coupling, so we can calculate it from the free field value. Besides, N2 − 1
elements in the Lie algebra give the same contribution to the anomaly, indicating that they
are allowed to transform into each other. On the other hand, for 6d (2, 0) SCFT, the anomaly
polynomial is of the form A2,0 = (N − 1)Atens + (N3 −N)AX other than (N3 − 1)A, which
seems indicate that there are something special about the non-abelian part.
6d (2, 0) SCFT compactified on S1 gives 5d SYM theory. Selfdual strings wrapping on
S1 become 1/2 BPS particles. The unwrapped selfdual strings and 1/4 BPS string junctions
in 6d descend to the corresponding string-like objects in 5d [8, 9]. String junctions may also
appear as point-like particles in the compactified theory. Consider the 6d SCFT compactified
on a Riemann surface Σg with g > 1 [26, 27, 28], the T part of Σg is the natural place for
string junctions to wrap. Σg is built from 2(g − 1) TN blocks and 3(g − 1) IN blocks. TN
and IN are spheres with 3 and 2 full punctures respectively. The dimension of the Coulomb
branch for TN and IN are
dcTN =
(N − 1)(N − 2)
2
, dcIN = N − 1. (37)
The effective number of vector multiplets for TN and IN are
nvTN =
2N3
3
− 3N
2
2
− N
6
+ 1, nvIN = N
2 − 1. (38)
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Note that
2(g − 1)dcTN + 3(g − 1)dcIN = (g − 1)(N2 − 1) (39)
and
2(g − 1)nvTN + 3(g − 1)nvIN = (g − 1)(4N
3
3
− N
3
− 1) (40)
are the dimension of the Coulomb branch and the effective number of vector multiplets for
the Σg theory. Especially, when g = 1, Σ1 is simply constructed from one IN . The degrees
of freedom arising from strings could be calculated as
nTN = nvTN − dcTN = 4C3N , nIN = nvIN − dcIN = 2C2N . (41)
nTN could be naturally accounted for by string junctions
3, while nIN is associated with the
selfdual strings. In the generic point of the Coulomb branch of TN , the Seiberg-Witten curve
is a Riemann surface with (N − 1)(N − 2)/2 genus and 3N simple punctures [27, 29]. In
that case, nTN could also be explained as the number of M2 branes with two boundaries.
However, at the origin of the moduli space, the only nontrivial configurations are M2 branes
with three boundaries. The anomaly polynomial I6(N) in 4d is obtained from I8(N) in 6d
by the integration over Σg [30, 31]. Both of them have a N
3 scaling part.
5 WZ term from the integration of massive fermions
The WZ term could be derived by a 1-loop calculation in field theory. For SU(N) gauge
theories, this has been done in [5, 6, 10]. In Coulomb branch, fermions get mass due to
the Yukawa coupling. The integration of the fermion loop gives WZ terms in the low en-
ergy effective action. We don’t know the structure of the 6d (2, 0) field theory. A recent
calculation on scattering amplitudes [32] indicates that an interacting 6d Lagrangian with
classical OSp(8|4) symmetry cannot be constructed using only (2, 0) tensor multiplets, even
if the Lagrangian is non-local. A Lagrangian description may exist, however, if one includes
additional degrees of freedom, for example, the selfdual strings. It is possible that the 6d
(2, 0) theory may be quite different from the ordinary field theories, and so, the WZ term in
the effective action should also be calculated in a peculiar way. Alternatively, if the theory is
constructed as a normal QFT containing fermionic degrees of freedom and the corresponding
Dirac operators, then at a generic Coulomb branch, the WZ term may be calculated by a
standard fermion-loop integration. In both cases, the Hopf-Wess-Zumino term should be
generated to compensate the anomaly deficit. In the following, we will discuss the WZ term
for the second possibility, especially, for the 3-algebra valued tensor multiplet.
For the calculation of the WZ term, the input from the field theory is the Dirac operator
involving Yukawa couplings as well as the gauge couplings. For SU(N) gauge theories, the
Yukawa coupling is ΓI [X
I , ψ]. In Coulomb branch, it becomes ΓI(φ
I
i − φIj)ψij , giving mass
|φi − φj | to ψij . |φi − φj| is the length of the string connecting the ith and the jth D-branes.
3String junctions could give 2C3N , but the extra factor 2 is a little difficult to explain.
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On the other hand, the Lagrangian of the M2 branes has a sextic potential [33, 34, 35, 36], so
the fermion mass scales as the area other than the length, reflecting the fact that M2 branes
are connected by M2 branes other than strings [38, 39]. M5 branes are also connected by M2
branes, so we may expect that the fermion mass will give the area of the M2 branes connecting
different M5 branes. However, there is a difference. The M2 branes connecting parallel M2
branes are totally located in the transverse space. The endpoint is simply a point. As a
result, the Yukawa coupling in BLG model takes the form of ΓIΓJ [X
I , XJ , ψ] [33, 34, 35],
where XI and XJ carry the transverse index. Conversely, the M2 branes connecting parallel
M5 branes have one dimension living in the worldvolume of M5. The endpoint is a string.
Correspondingly, we may have ΓµΓI [C
µ, XI , ψ], where µ = 0 · · ·5, I = 6 · · · 10.
Actually, in [11], an attempt to find the 6d (2, 0) theory with the 3-algebra structure has
already been made. It was shown that for the closure of the supersymmetry, an additional
vector Cµ must be introduced, while the 3-brackets appearing in the equations of motion
always take the form [Cµ, A, B]. Later, in [37, 40], the equations of motion found in [11] get
a natural interpretation as the supersymmetric gauge field equations in loop space. Cµ is
associated with the vector tangential to the loop in the worldvolume of M5 branes.
The field content in [11] includes the tensor multiplet composed by XI with I = 6 · · ·10,
ψ, and Hµνλ with µ, ν, λ = 0 · · ·5, an auxiliary gauge field Aµ, and a vector field Cµ. XI ,
ψ, Hµνλ, and Cµ take values in a vector space Λ with the basis ta, i.e. XI = XIat
a, etc. As
a 3-algebra, Λ has an associated Lie algebra gΛ spanned by the transformations [t
a, tb, ∗],
where ∗ stands for an arbitrary element of Λ. Aµ takes values in gΛ. AµXI = Aµab[ta, tb, XI ],
etc. Aµ and Hµνλ are related by F µνab [t
a, tb, ∗] = [Cλ, Hµνλ, ∗], with F µνab the field strength of
Aµab. So, for the given Cλ, F
µν is actually a transgression of Hµνλ [37].
The equations of motion for 3-algebra valued (2, 0) tensor multiplets found in [11] are
[Cµ, Cν , ∗] = 0, (42)
∇νCµ = 0, (43)
[Cρ,∇ρXI , ∗] = 0, [Cρ,∇ρψ, ∗] = 0, [Cρ,∇ρHµνλ, ∗] = 0, (44)
F˜ µν − [Cλ, Hµνλ, ∗] = 0, (45)
Γµ∇µψ + [Cµ, XI ,ΓµΓIψ] = 0, (46)
∇2XI − i
2
[Cµ, ψ¯,ΓµΓ
Iψ] + [Cµ, XJ , [Cµ, XJ , X
I ]] = 0, (47)
∇[µHνκλ] + 1
4
ǫµνκλστ [C
σ, XI ,∇τXI ] + i
8
ǫµνκλστ [C
σ, ψ¯,Γτψ] = 0, (48)
where ∇µ = ∂µ − iAµ, XI , ψ,Hµνλ ∈ Λ, Cµ ∈ Λ¯. ∀ C1, C2 ∈ Λ¯, [C1, C2, ∗] = 0.
F˜ µν = ∂νAµ − ∂µAν + [Aν , Aµ]. (49)
The supersymmetry transformations are [11]
δXI = iε¯ΓIψ,
11
δψ = ΓµΓI∇µXIε+ 1
12
ΓµνλH
µνλε− 1
2
ΓIJΓλ[X
I , XJ , Cλ]ε,
δHµνλ = 3iε¯Γ[µν∇λ]ψ + iε¯ΓIΓµνλκ[XI , ψ, Cκ],
δAµ = iε¯Γµλ[C
λ, ψ, ∗],
δCµ = 0. (50)
When Cµ = 0, (42)-(48) reduce to the equations of motion for free tensor multiplets.
We may take Cµ as a vector associated with the selfdual strings. The length of Cµ may
characterize the length of strings. When the strings shrink to points, which are described by
tensor multiplets, the interaction disappears. A particular Cµ corresponds to a particular
set of selfdual strings with the given length and the orientation. We want to take Cµ as the
new degrees of freedom added, so we will not specify it. The path integral may cover all
possible configurations of Cµ.
Now, consider the Coulomb branch of the theory. The supersymmetry transformation
(50) suggests that the vacuum configuration is given by constantXI satisfying [Cµ, XI , XJ ] =
0. Choose a maximal subspace Λ0, Λ0 ⊂ Λ, ∀A,B ∈ Λ0, ∀C ∈ Λ¯, [C,A,B] = 0. Λ = Λ0⊕Λ1,
there is a special set of basis
{
t1 · · · tM
}
for Λ1, ∀C ∈ Λ¯, ∀A ∈ Λ0, [C,A, tm] ∝ tm. Λ0 and{
t1 · · · tM
}
could be taken as the Cartan subalgebra and the roots respectively. Suppose the
vacuum expectation value of XI is given by X¯I , X¯I ∈ Λ0. [Cµ, X¯I , tm] = φImµtm. Similarly,
suppose the vacuum expectation value of Hµνλ is H¯µνλ, H¯µνλ ∈ Λ0, then [Cλ, H¯µνλ, tm] =
fµνm t
m.
Plug the vacuum expectation values into the Dirac equation for fermions. Let ψm denote
fermions taking values in the root tm. From (46),
Γµ∇µψm + φImµΓµΓIψm = 0. (51)
Besides,
[Cλ, H¯
µνλ,ΓµΓνψ
m] = fµνm ΓµΓνψ
m. (52)
The form of the Dirac operator in (51) is quite natural, so it may also appear in other models
for 6d (2, 0) theories, for example, [41]. ψm are the 6d anti-chiral fermions. Written as the
11d Majorana spinors, Γ7ψ
m = −ψm, where Γ7 = Γ012345. Just as that in [5, 6], the WZ
term could be written as
Γm = Tr
{
ln [iΓ0Γµ∂
µ + Γ0ΓµA
µ
m + iΓ0Γ
µΓIφ
I
mµ]
1− Γ7
2
}
, (53)
δΓm
δφImµ(x)
= Sp[〈x| 1
iΓν∂ν + ΓνAνm + iΓ
νΓIφImν
|x〉 iΓµΓI(1− Γ7
2
)], (54)
where Sp is the trace in spinor indices. WZ term comes from the imaginary part of the
effective action. Taking the difference of (54) with its complex conjugate,
δImΓm
δφImµ(x)
= −1
2
Sp[〈x| 1
iΓν∂ν + ΓνAνm + iΓ
νΓIφImν
|x〉ΓµΓIΓ7]
12
= −1
2
Sp[〈x| 1
D/
|x〉ΓµΓIΓ7]
= −1
2
Sp[〈x| D/
D/2
|x〉ΓµΓIΓ7]. (55)
(55) could be expanded as the sum of the terms proportional to 1 or Tr(ΓM1 · · ·ΓMk), where
M1, . . . ,Mk are distinct indices. Note that Tr(ΓM1 · · ·ΓMk) = 0 unless k = 11, so we need
to extract the term proportional to Tr(Γ0 · · ·Γ10) ∝ ǫ0···10. In the numerator, iΓνΓIφImν in D/
will be kept, while in the denominator,
D/2 = −∂2 + φImµφµmI +
i
2
ΓµΓνf
µν
m − ΓµΓνΓI∂µφImν + ΓµνΓIJφImµφJmν + · · · , (56)
where fµνm = ∂
µAνm − ∂νAµm + [Aµm, Aνm],
1
D/2
= −
∞∑
n=0
[ i
2
ΓµΓνf
µν
m − ΓµΓνΓI∂µφImν + ΓµνΓIJφImµφJmν + · · ·]n
(∂2 − φImµφµmI)n+1
. (57)
The integral that needs to be performed is
〈x| 1
(∂2 − φImµφµmI)n+1
|x〉 = (−1)n+1
∫ ddp
(2π)d
1
(p2 + φImµφ
µ
mI)
n+1
=
iΓ(n+ 1− d
2
)
(2
√
π)dΓ(n+ 1)
1
(
√
φImµφ
µ
mI)
2n+2−d
. (58)
The constraint [Cµ,∇µψm, ∗] = 0 reduces the dynamics from 6d to 5d. If Cµ is taken as the
vector tangential to the selfdual string, the constraint means that the physical momentum
of the string is along the transverse direction. As a result, d = 5.
For n = 4, 2n+ 2− d = 5.
δImΓm
δφImµ(x)
∝
Sp
{
[ i
2
ΓρΓνf
ρν
m − ΓρΓνΓJ∂ρφJmν + ΓρνΓKJφKmρφJmν + · · ·]4φLmλΓλΓLΓµΓIΓ7
}
(
√
φImµφ
µ
mI)
5
(59)
The term containing one f ρνm and three ∂
ρφJmν is
δL1
δφImµ(x)
∝ −fmρν∂ρ1φ
J1
mν1
∂ρ2φ
J2
mν2
∂ρ3φ
J3
mν3
φLmλ
(
√
φImµφ
µ
mI)
5
Sp[ΓρΓνΓρ1Γν1Γρ2Γν2Γρ3Γν3ΓλΓµΓ7ΓJ1ΓJ2ΓJ3ΓLΓI ] (60)
The counterpart of L1 in the low energy effective action is L
′
1 ∝
∫
W6
H3 ∧ A3,
δL′1
δφIm(x)
∝ ǫ
ρνµρ1ρ2ρ3ǫJ1J2J3LIhmρνµ∂ρ1φ
J1
m∂ρ2φ
J2
m∂ρ3φ
J3
mφ
L
m
(
√
φImφmI)
5
, (61)
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Here m denotes a particular root. If m ∼ (i, j), φIm = φIi −φIj = φIij, hmρνµ = hiρνµ−hjρνµ =
hijρνµ. In general, one may expect that φ
I
µ could be expanded as φ
I
µ =
∑
k ckµa
I
k, where
ckµ and a
I
k are vectors along the longitudinal and transverse directions respectively. The
simplest situation is φJmν = cmνφ
J
m. ∂ρφ
J
mν = ∂ρcmνφ
J
m + cmν∂ρφ
J
m = cmν∂ρφ
J
m. There-
fore, ∂ρ3φ
J3
mν3
Γρ3Γν3ΓλφLmλ = |cm|2Γρ3∂ρ3φJ3mφLm. Similarly, ∂ρ1φJ1mν1∂ρ2φJ2mν2Γρ1Γν1Γρ2Γν2 ∼
−|cm|2∂ρ1φJ1m∂ρ2φJ2mΓρ1Γρ2 , where we have neglected the term involving cνm∂νφJm. (60) is
simplified to
δL1
δφIm(x)
∝ fmρνcmµ∂ρ1φ
J1
m∂ρ2φ
J2
m∂ρ3φ
J3
mφ
L
m
|cm|(
√
φImφmI)
5
Sp[ΓρΓνΓρ1Γρ2Γρ3ΓµΓ7ΓJ1ΓJ2ΓJ3ΓLΓI ] (62)
To get the nonzero result, the first six Gamma matrices should multiply to 1, while the last
five Gamma matrices should cover Γ6 · · ·Γ10. The trace then becomes Sp[Γ0 · · ·Γ10] ∼ ǫ0···10.
ρ1, ρ2 and ρ3 must be different, so {ρ, ν, µ} = {ρ1, ρ2, ρ3}. One can similarly expand fmρν
as fmρν = hmρνσc
σ
m. fmρνcmµ = hmρνσc
σ
mcmµ. As is mentioned before, cm is not fixed but
should also be integrated in the path integral. The orientation of the selfdual string in
6d spacetime is arbitrary. Summing over all possible directions,
∑
cσmcmµ = |cm|2gσµ, so∑
fmρνcmµ = hmρνσ
∑
cσmcmµ = |cm|2hmρνµ. (62) then becomes
δL1
δφIm(x)
∝ |cm|(∗hm)ρνµ∂ρ1φ
J1
m∂ρ2φ
J2
m∂ρ3φ
J3
mφ
L
m
(
√
φImφmI)
5
ǫρνµρ1ρ2ρ3ǫJ1J2J3LI . (63)
Compared with (61), (63) contains ∗ which is resulted from Γ7 inside the trace. This is not
quite satisfactory, but luckily, since ∗h = h, (61) and (63) still coincide up to a |cm| factor.
Notice that to get L1 which is close to L
′
1, d = 5 is quite crucial. For an ordinary 6d
theory without the constraint, the denominator is (
√
φImµφ
µ
mI)
2n−4, so one cannot get L′1 no
matter which n is taken. In other words, to get the WZ term H3 ∧ A3, the basic degrees
of freedom should be the 1d object with 5d momentum other than the 0d object with 6d
momentum. For 1/2 BPS selfdual strings, the momentum is along the transverse direction,
since the momentum along the longitudinal direction may reduce the selfdual string to a
1/4 BPS state [42]. So the constraint in [11] may indicate that the selfdual strings involved
in equations are 1/2 BPS states. The WZ term H3 ∧ A3 is generated by 1/2 BPS selfdual
strings.
In [43], the anomaly of the 1/2 BPS selfdual strings coupling with tensor multiplets was
discussed in analogy with the anomaly of M5 branes coupling with supergravity. In the
generic Coulomb branch, there are N(N − 1) selfdual strings acting as the sources for the
relative 3-forms hij . H3 ∧ A3 is exactly the term in the bulk cancelling the selfdual string
normal bundle anomaly [43]. When reduced to 5d, H3 ∧ A3 becomes F2 ∧ A3, which is the
term needed to cancel the normal bundle anomaly of the magnetic monostring [43]. On
the other hand, F2 ∧ A3 could be obtained in 5d SYM theory by the integration out of the
massive fields which are the quantization of the electric dual of the monostring. The dual of
the selfdual string is itself, so we may expect that H3∧A3 could be derived by the integration
out of the fields which are the quantization of the selfdual string.
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The next problem is to get the WZ term corresponding to A3 ∧ F4 ∼ σ3 ∧ ω4, which
is far more difficult. The field theory calculation gives δΓWZ/δφ
I , the counterpart of the
Lorentz force on supergravity side. Consider a M5 brane in a background field Fˆ4, the action
contains the term S = − ∫W6 A6, dA6 = ∗Fˆ4 + A3 ∧ Fˆ4/2.
δS
δφI
= − 1
6!
ǫρ1ρ2ρ3ρ4ρ5ρ6∂ρ1Y
n1∂ρ2Y
n2∂ρ3Y
n3∂ρ4Y
n4∂ρ5Y
n5∂ρ6Y
n6(dA6)In1n2n3n4n5n6
= − 1
6!
ǫρ1ρ2ρ3ρ4ρ5ρ6∂ρ1Y
n1∂ρ2Y
n2∂ρ3Y
n3∂ρ4Y
n4∂ρ5Y
n5∂ρ6Y
n6(∗Fˆ4 + 1
2
A3 ∧ Fˆ4)In1n2n3n4n5n6
= f6I + g6I . (64)
Y ni are embedding coordinates. ni = 0 · · ·10, Y I = φI . f6I and g6I are forces related with
the magnetic-magnetic interaction and the electric-magnetic interaction respectively. g6I is
the Lorentz force derived from the WZ term. If db2 is also taken into account,
g6I =
1
6!
ǫρ1ρ2ρ3ρ4ρ5ρ6∂ρ1Y
n1∂ρ2Y
n2∂ρ3Y
n3∂ρ4Y
n4∂ρ5Y
n5∂ρ6Y
n6(
1
2
h3 ∧ Fˆ4)In1n2n3n4n5n6 . (65)
For the WZ term in (32),4
δ
∫
W7i
σ3ji ∧ ω4ki
δφIi (x)
= −
∫
W7i
[
δσ3ji
δφIji(x)
∧ ω4ki + σ3ji ∧ δω4ki
δφIki(x)
]
= (σ3ji ∧ F3kiI)(x)− (ω4ji ∧ F3kiI + ω4ki ∧ F3jiI)(x). (66)
∂W7i = W6i, x ∈ W6i.
F3kiI = α
ǫILJ1J2J3φ
L
kidφ
J1
ki ∧ dφJ2ki ∧ dφJ3ki
|φki|5 (67)
up to a total derivative. α is a constant. Except for the 6-form, (66) also contains the 7-form
because σ3 ∧ ω4 alone is not closed.
δ
∫
W7i
(σ3ji ∧ ω4ki + σ3ki ∧ ω4ji)
δφIi (x)
= (σ3ji∧F3kiI+σ3ki∧F3jiI)(x)−2(ω4ji∧F3kiI+ω4ki∧F3jiI)(x),
(68)
δ
∫
W7
Ωijk
δφIi (x)
∝ (σ3ji ∧ F3kiI + σ3ki ∧ F3jiI − σ3kj ∧ F3ijI − σ3jk ∧ F3ikI)(x)
−2(ω4ji ∧ F3kiI + ω4ki ∧ F3jiI − ω4kj ∧ F3ijI − ω4jk ∧ F3ikI)(x). (69)
We need to get the 6-form of (69) from the field theory calculation. The first thing is
to find an explicit expression for σ3. Consider the 5d transverse space with coordinate φ
ai ,
ai = 6 · · ·10,
ω4 = ǫa1a2a3a4a5
1
|φ|5φ
a1dφa2 ∧ dφa3 ∧ dφa4 ∧ dφa5 = ∗φˆ. (70)
4Here, for simplicity, the last line in (66) is denoted as the differential form, but it should be more
accurately written in the form like that in (64) and (65).
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σ3 could be constructed in analogy with the gauge field describing the magnetic monopole
in 3d space. Select an arbitrary vector v, v · φ = |v||φ| cos θ,
σ3 =
(cos3 θ − 3 cos θ + 2) ∗ (v ∧ φ)
3 sin4 θ|v||φ|
=
(v · φ)3 − 3(v · φ)|v|2|φ|2 + 2|v|3|φ|3
3 sin4 θ|v|4|φ|7 ǫa1a2a3a4a5v
a1φa2dφa3 ∧ dφa4 ∧ dφa5 . (71)
σ3 is singular on a ray OV starting from the origin and extending in −v direction. In 11d
spacetime, OV × W6 = W7. W7 is the Dirac brane similar to the Dirac string [12, 14].
Replace v by −v, we get another σ3. Take the average of these two σ3’s, the last term in
(71) could be dropped. Of course, in this case, the singularity exists in a straight line. One
may have
σ3ji =
(v · φji)3 − 3(v · φji)|v|2|φji|2
3 sin4 θ|v|4|φji|7 ǫa1a2a3a4a5v
a1φa2ji dφ
a3
ji ∧ dφa4ji ∧ dφa5ji + dχ2ji, (72)
dσ3ji = ω4ji.
σ3ji is only determined up to an exact form dχ2ji. One may want to take the first term
of (72) as σ3ji for simplicity, but there is a problem. The only input on field theory side
is the vacuum expectation value (φ1, · · · , φN) on W6. As a result, we have to construct the
6-form from (φij, φjk, φki). The first term of σ3ji in (72) contains a constant vector v, which
has no relevance with the vacuum expectation value. We may try to replace v by vectors
constructed from (φ1, · · · , φN). For example, for the 6-form σ3ji ∧ F3kiI living on W6,
σ3ji ∧ F3kiI = α (v · φji)
3 − 3(v · φji)|v|2|φji|2
3 sin4 θ|v|4|φji|7|φki|5 ǫIb1b2b3b4ǫLa1a2a3a4v
Lφa1ji
φb1ki dφ
a2
ji ∧ dφa3ji ∧ dφa4ji ∧ dφb2ki ∧ dφb3ki ∧ dφb4ki. (73)
v may be replaced by φki, but then the extra terms should be added because φki may not
be constant.
Notice that the epsilon symbols involved in H3∧F3 and the Lorenz force in SYM theories
are ǫM1M2···M11 and ǫN1N2···N10 which are equal to the traces of the Gamma matrices product,
thus could be derived via the 1-loop fermion integration. On the other hand, σ3∧F3 contains
ǫa1···a5ǫb1···b5ǫµ1···µ6 with ai, bi = 6 · · ·10, µi = 0 · · ·5 that cannot be identified with the single
trace. As a result, a 1-loop calculation cannot produce A3∧F4. Maybe a refined integration is
needed. For example, since each fermion loop gives a single epsilon symbol, one may consider
two fermion loops, one for φji and the other for φki, giving rise to ǫa1···a5ǫµ1···µ3ν1···ν3 and
ǫb1···b5ǫµ4···µ6ν4···ν6 respectively. With a suitable contraction, ǫa1···a5ǫb1···b5ǫµ1···µ3ν1···ν3ǫµ4···µ6
ν1···ν3
may be produced, from which, one can at most get ∗A3 ∧ F3 other than A3 ∧ F3. This is
acceptable if the self duality condition is imposed. If we take ψij as the fundamental fields,
the two loop fermion integration seems indicate that the anomaly is produced by the bound
state of ψji and ψki, which are again three index objects. Given that in standard field theory,
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the only way to get the epsilon symbols is through the fermion loop integration, one may
also expect that the 6d (2, 0) theory may not be the ordinary QFT thus cannot be analyzed
in this way. No matter in which case, even if we could get the correct epsilon symbol, we
still need to ensure that each term takes the form of σ3ji ∧ω4ki with two roots involved. One
possibility is to start from the three indices fundamental fields at the beginning. Or one can
take two indices fields as fundamental, but there must be a justification for why ψji and ψki
appear simultaneously in the integration.
6 Conclusion
In this paper, we discussed the WZ term in the low energy effective action of the 6d (2, 0) field
theory in the generic Coulomb branch. As a topological term, WZ term does not depend on
the metric nor the coupling, so it is protected. For such terms, the supergravity calculation
and the field theory calculation will give the same result. There is no available 6d (2, 0) field
theory at present, so we will first calculate the WZ term on supergravity side. We then show
that the obtained WZ term could indeed compensate the anomaly deficit, as is required by
the anomaly matching condition, thus should appear in the low energy effective action.
For SYM theory in a generic Coulomb branch, each WZ term involves one root ei −
ej , which is consistent with the fact that the supergravity interaction is produced by the
integrating out of massive strings connecting the ith and the jth D branes. On the other
hand, for M5 branes, each WZ term involves two roots ei − ej and ek − ej. One may expect
that such kind of triple interaction may be generated by the integrating out of the massive
objects carrying (i, j, k) indices. A natural candidate is the string junction with tension
(|φij|, |φjk|, |φki|) proposed in [8, 9].
The 6d (2, 0) theory may have a mathematical structure which is different from the
ordinal QFT, or it could just be constructed as a normal quantum field theory. In the latter
case, the WZ term could be calculated by a standard 1-loop integration. The input from
the field theory is the Dirac operator on the given background scalar fields and tensor fields.
The algebra structure is involved. For SU(N) SYM theories, the 2-algebra gives (N2−N)/2
terms characterized by roots ei − ej . The Hopf-Wess-Zumino term for 6d (2, 0) theory is
composed by (N3 − N)/3 terms with roots (ei − ej , ej − ek, ek − ei), so it may indicate
a new algebra structure. The 3-algebra may be a natural candidate, but it has no finite
dimensional Euclidean representation. We calculate the WZ term for the 3-algebra valued
(2, 0) tensor multiplet theory proposed in [11]. The H3 ∧ A3 part of the WZ term could be
obtained. However, the A3 ∧ F4 part, which is responsible for the anomaly compensating,
cannot be produced by the 1-loop fermion integration, indicating that some key ingredient
is still missing.
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A The on-shell action for brane-gravity coupled sys-
tem
Consider the (d− 1)-brane couples with the supergravity fields. The action is [44]
S = Sbrane + Sgravity (74)
Sbrane = Td
∫
ddξ[−1
2
√−γγij∂iXM∂jXNgMNeα(d)φ/d + d− 2
2
√−γ
− 1
d!
ǫi1i2···id∂i1X
M1∂i2X
M2 · · ·∂idXMdAM1M2···Md]
= S1 + S2 + S3 (75)
Sgravity =
1
2κ2
∫
dDx
√−g[R− 1
2
(∂φ)2 − 1
2(d+ 1)!
e−α(d)φF 2d+1] (76)
The action of this form is valid for both electric and magnetic branes, while for magnetic
branes, just let α(d)→ −α(d). Variation with respect to gMN , AM1M2···Md, and γij gives
TMNbrane = −Td
∫
ddξ
√−γγij∂iXM∂jXNeα(d)φ/d δ
D(x−X)√−g
=
1
κ2
[RMN − 1
2
gMNR − 1
2
(∂Mφ∂Nφ− 1
2
gMN(∂φ)2)
− 1
2d!
(FM M1···MdF
NM1···Md − 1
2(d+ 1)
gMNF 2)e−α(d)φ] (77)
JM1···Mdbrane = Td
∫
ddξ ǫi1i2···id∂i1X
M1∂i2X
M2 · · ·∂idXMd
δD(x−X)√−g
=
1
2κ2
√−g∂M(
√−ge−α(d)φFMM1···Md) (78)
and
γij = ∂iX
M∂jX
NgMNe
α(d)φ/d. (79)
Then
S1 =
1
2
∫
dDx
√−g TMNbrane gMN
=
1
2κ2
∫
dDx
√−g[(1− D
2
)(R− 1
2
(∂φ)2)− 1
2d!
(1− D
2(d+ 1)
)F 2e−α(d)φ] (80)
Plug (79) into (75), we get
S1 + S2 =
2
d
S1 (81)
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From (78),
S3 = − 1
d!
∫
dDx
√−g JM1···Mdbrane AM1M2···Md
=
1
2κ2
∫
dDx
1
(d+ 1)!
√−ge−α(d)φF 2
− 1
d!
∂M(
√−ge−α(d)φAM1M2···MdFMM1···Md) (82)
As a result,
Sbrane = S1 + S2 + S3
=
2−D
d
1
2κ2
∫
dDx
√−g[R− 1
2
(∂φ)2 − 1
2(d+ 1)!
e−α(d)φF 2d+1]
− 1
2κ2
∫
dDx
1
d!
∂M(
√−ge−α(d)φAM1M2···MdFMM1···Md)
=
2−D
d
Sgravity + Sboundary (83)
For d < 3, or equivalently, for purely electric branes, Sboundary = 0. If MD has no boundary,
Sboundary could also be dropped. Then for the given brane configuration, if S is on-shell with
respect to supergravity, we have
Sbrane : Sgravity : S = (D − 2) : (−d) : (D − 2− d), (84)
where
Sbrane = Td
∫
ddξ[−
√
− det(∂iXM∂jXNgMNeα(d)φ/d)
− 1
d!
ǫi1i2···id∂i1X
M1∂i2X
M2 · · ·∂idXMdAM1M2···Md] (85)
The extension to multi-brane configurations is straightforward, and (84) still holds. When the
dimensions of the branes are different, the exact proportional relation is not valid anymore.
Besides, when Fij does not vanish, i.e. the (p− 1)-brane carries p− 1− 2n charge, (84) does
not hold. Naively, when D = 11, d = 6, neglecting the boundary term, Sbrane : Sgravity :
S = 3 : (−2) : 15. However, S here is not exactly the action for M5 branes coupling with
supergravity. In the following, we will use (1) as the action to get the same conclusion.
Now, consider
S = Sg + SM5 (86)
5Note that for D3, M2, M5 branes, Sbrane/S equals to 2, 3/2, and 3, while the degrees of freedom on these
branes scale as N2, N3/2, and N3. This is not the coincidence. Suppose the degrees of freedom on N branes
scale as Nα. Also suppose that in Sbrane, there is a term T has the N
α scaling. Consider N +1 branes with
large N , when the symmetry is broken from SU(N +1) to SU(N)×U(1), (N +1)α−Nα ∼ αNα−1 number
of T will enter into Sbrane. On the other hand, the effective action of the system could be approximated
as the action of a single brane on the background generated by the rest N branes. In Seff , one may get
Nα−1T . Obviously, T in Sbrane and T in Seff differ by a α factor. For D3, T is
∫
F5, forM5, T is
∫
A3∧F4,
while for M2, T is obscure.
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with
Sg =
1
2κ2
∫
M11
∗R− 1
2
∗ Fˆ4 ∧ Fˆ4 − 1
6
F4 ∧ F4 ∧ A3 (87)
SM5 = −T5
∫
W6
d6ξ
√
− det(gµν + (iv1 ∗˜h3)µν) +
1
2
v1 ∧ h3 ∧ ∗˜(v1 ∧ ∗˜h3)
+
T5
2
∫
W6
db2 ∧ A3 + T5
2
∫
W7
A3 ∧ F4 (88)
The field equations are [12]
TMNM5 =
1
κ2
[
RMN − 1
2
gMNR− 1
12
(FˆM4 PQLFˆ
NPQL
4 −
1
8
gMN Fˆ 24 )
]
(89)
d ∗ Fˆ4 + 1
2
F4 ∧ F4 = −2κ2T5(−A3 ∧ ∗J6 + F4 ∧ ∗G7) (90)
dFˆ4 = 2κ
2T5 ∗ J6, (91)
The vacuum expectation value of b2 are taken to be zero, otherwise, (84) does not hold.
From (89),
1
2
∫
W6
d6ξ
√−g TMNM5 gMN =
1
2κ2
∫
M11
−9
2
∗R + 3
4
∗ Fˆ4 ∧ Fˆ4 (92)
From (90),
T5
2
∫
W7
A3 ∧ F4 = 1
2κ2
∫
M11
1
2
∗ Fˆ4 ∧ F4 + 1
4
F4 ∧ F4 ∧ A3 − 1
4κ2
∫
∂M11
A3 ∧ ∗Fˆ4 (93)
We will still use the general relation (81) for M5 branes. The Nambu-Goto action for M5
branes is more involved than that for D branes or M2 branes, so the correction may exist,
but that will not bring too many problems, since our main concern is the WZ term.
SM5 =
1
2κ2
∫
M11
−3
2
∗R+ 3
4
∗ Fˆ4∧ Fˆ4+ 1
4
F4∧F4∧A3+ T5
2
∫
W7
∗Fˆ4− 1
4κ2
∫
∂M11
A3∧∗Fˆ4 (94)
S =
1
2κ2
∫
M11
−1
2
∗R+ 1
4
∗ Fˆ4 ∧ Fˆ4+ 1
12
F4∧F4 ∧A3+ T5
2
∫
W7
∗Fˆ4− 1
4κ2
∫
∂M11
A3∧∗Fˆ4 (95)
Because of the last two terms, the exact proportional relation does not hold. We are inter-
ested with (93), which could be rewritten as
T5
2
∫
W7
A3 ∧ F4 = 1
2κ2
∫
M11
1
4
F4 ∧ F4 ∧ A3 + 1
2
A3 ∧ d ∗ Fˆ4 (96)
For magnetic field, d ∗ Fˆ4 = 0, the last term vanishes, so the Hopf-Wess-Zumino term is only
related with F4 ∧ F4 ∧ A3, for which, the 1/3 factor appears.
Similarly, for D3 branes, one may expect that the WZ term should be one half of the
corresponding term in the D3 brane action. This is indeed the case, and it is just this rescaled
term that is obtained from the 1-loop integration and compensates the anomaly deficit.
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